A note on perturbations of $C_0$-semigroups by Seifert, Christian et al.
ar
X
iv
:1
80
2.
00
33
5v
1 
 [m
ath
.FA
]  
1 F
eb
 20
18
A note on perturbations of C0-semigroups
Christian Seifert, Hendrik Vogt and Marcus Waurick
October 15, 2018
Abstract
This article deals with a variation of constants type inequality for semigroups acting
consistently on a scale of Banach spaces. This inequality can be characterized by a
corresponding (easy to verify) inequality for their generators. The results have appli-
cations to heat kernel estimates and provide a unified perspective to estimates of these
type. Moreover, bi-continuous semigroups can be treated as well.
Keywords: C0-semigroups, perturbed semigroups.
MSC 2010: 35B09; 35B20; 35K08
1 Introduction
In this note, we elaborate on a perturbation result for C0-semigroups. More precisely, we
shall further elaborate on a heat kernel estimate given in [3], which already has been extended
in [11], [9] and complemented in [8]. The latter two references provided an analytic approach
to the heat kernel type estimates, by means of showing suitable estimates for positive C0-
semigroups acting in suitable Lp-spaces.
The main contribution in [8] on this matter was to understand that the desired estimates
are in fact consequences of variation of a constants type inequality for perturbations of C0-
semigroups. Providing this different point of view, the results, however, did not directly
apply to the situation outlined in [9]. The main difficulty, which has not been overcome in
[8] was that the considered semigroups were acting in different (Lp-)spaces, including the
non-reflexive space L∞, where the semigroups treated are not strongly continuous anymore.
The main objective of the present work is to resolve this issue and to provide a unified
persepective to the results in [9] and [8] and, thus, to present a general perspective to
these type of perturbation results particularly in non-reflexive Banach spaces. We shall
furthermore show that the developed machinery can be applied to bi-continuous semigroups
(see [6]), which could not be treated within previous frameworks.
In fact, one can view the main result of the present exposition (Theorem 3.8) as a
characterization of a variation of constants type inequality for semigroups S and T , where T
may be considered as a perturbation of S, in the case where both S and T are consistently
acting on different Banach spaces. The unperturbed semigroup S is supposed to satisfy
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only a rather weak continuity property. This necessitates the introduction of a weak Laplace
transform, which in turn coincides with a resolvent of the corresponding generator, if S was
strongly continuous.
Although the main focus of applications will be positive semigroups acting on some vector
space with compatible order structure, the main result is formulated without the usage of
any order structure. Thus, it might also bare applications to a more general context than
positive semigroups.
In Section 2, we study the weak Laplace transform mentioned above and address some
of its properties. The main result can be found in Section 3. In that section, we shall also
elaborate on validating the assumptions of our main result. This article is concluded with
a series of applications: We shall employ the main theorem for perturbation results for bi-
continuous semigroups; we frame the main results of [9, 8] into the setting outlined in this
paper. Finally, we will treat a perturbation result for delay equations on a scale of Lp-spaces,
which lead to Banach lattice-valued semigroups – a class of problems that were out of reach
for earlier results.
2 On Semigroups
We say that S is a semigroup on a Banach space Y if S : [0,∞)→ L(Y ) satisfies S(0) = I
and S(t+ s) = S(t)S(s) for all s, t ∈ [0,∞).
Lemma 2.1. Let Y be a Banach space, and let E ⊆ Y ′ be a closed norming subspace for Y .
Let S be a semigroup on Y such that [0,∞) ∋ t 7→ S(t) ∈ Lσ(Y,E)(Y ) is continuous, i.e.,
[0,∞) ∋ t 7→ 〈S(t)y , e〉Y×E
is continuous for all y ∈ Y , e ∈ E. Then there exist M > 1, ω ∈ R, such that ‖S(t)‖ 6Meωt
for all t > 0.
Proof. The proof is almost the same as in the case of C0-semigroups; an additional argument
is needed when it comes to the local boundedness at zero. For the latter, we let (tn)n in
(0,∞), tn → 0. Then
〈S(tn)y , e〉Y×E → 〈y , e〉Y×E
for all y ∈ Y , e ∈ E, and by the uniform boundedness principle, (S(tn)y)n is bounded in E
′,
for all y ∈ Y . Note that this sequence is also a sequence in Y , and that it is bounded in
Y since E is norming. Another application of the uniform boundedness principle yields
boundedness of (S(tn))n. Thus, S is locally bounded at zero. The remainder of the proof is
standard.
Definition. Let Y be a Banach space, and let E ⊆ Y ′ be a closed norming subspace for Y .
Let S be a semigroup on Y such that [0,∞) ∋ t 7→ S(t) ∈ Lσ(Y,E)(Y ) is continuous. Let
λ ∈ R be sufficiently large. Then we define RS(λ) ∈ L(Y,E ′) by
〈RS(λ)y , e〉E′×E =
∫ ∞
0
e−λt 〈S(t)y , e〉Y×E dt (y ∈ Y, e ∈ E).
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Note that the right-hand side indeed defines an operator RS(λ) ∈ L(Y,E
′), since by
Lemma 2.1 we have∫ ∞
0
∣∣e−λt 〈S(t)y , e〉Y×E∣∣ dt 6
∫ ∞
0
e−λtMeωt‖y‖Y ‖e‖E dt =
M
λ− ω
‖y‖Y ‖e‖E
for λ > ω.
Remark 2.2. (a) Assume that S is strongly continuous on Y . Then we can choose
E := Y ′, and we obtain RS(λ) = κY (λ − AS)
−1, where κY : Y → Y
′′ is the canoni-
cal embedding and AS is the generator of S in Y .
(b) Let Y be a dual space. Then we choose E to be a predual of Y , i.e. E ′ = Y , and we
identify E with κE(E) ⊆ E
′′ = Y ′, where κE : E → E
′′ is the canonical embedding.
Then RS(λ) ∈ L(Y ). We assume that E is invariant under the dual semigroup S
′ =
(S(t)′)t>0. The continuity of t 7→ 〈S(t)y , e〉Y×E = 〈y , S(t)
′e〉Y×E for all y ∈ Y , e ∈ E
means that (S(t)′|E)t>0 is weakly continuous and hence a C0-semigroup on E by [5,
Theorem I.5.8]. Let A be the generator. Then RS(λ) =
(
(λ − A)−1
)
′ for sufficiently
large λ.
In the proof of our main theorem we will need the following convergence result.
Lemma 2.3. Let Y be a Banach space, and let E ⊆ Y ′ be a closed norming subspace for Y .
Let S be a semigroup on Y with [0,∞) ∋ t 7→ S(t) ∈ Lσ(Y,E)(Y ) continuous. Let y ∈ Y ,
e ∈ E. Then
〈λRS(λ)y , e〉E′×E → 〈y , e〉Y×E (λ→∞).
Put differently, Lemma 2.3 yields the weak∗-convergence 〈λRS(λ)· , e〉E′×E → e in Y
′, for
all e ∈ E.
Proof. We have
〈λRS(λ)y , e〉E′×E =
∫ ∞
0
λe−λt 〈S(t)y , e〉Y×E dt =
∫ ∞
0
e−s
〈
S( s
λ
)y , e
〉
Y×E
ds
→
∫ ∞
0
e−s 〈y , e〉Y×E ds = 〈y , e〉Y×E (λ→∞).
Indeed, as S is exponentially bounded by Lemma 2.1, the integral is finite for large λ, and
the dominated convergence theorem applies.
3 The perturbation result
In the following, we shall come to our main result on semigroups. For stating the main
theorem we need the following notions.
Definition. Let X, Y be Banach spaces over R and V a Hausdorff topological vector space
over R. We say that the couple (X, Y ) is V -compatible (as Banach spaces), provided X, Y →֒
V continuously.
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We will drop the letter V and simply write compatible if there is no risk of confusion.
Remark 3.1. LetX, Y be Banach spaces, (X, Y ) compatible. ThenX∩Y := {v ∈ V ; v ∈X,
v ∈ Y } endowed with the norm v 7→ max{‖v‖X , ‖v‖Y } and X + Y := {v ∈ V ; ∃ x ∈ X,
y ∈ Y : v = x + y} endowed with the norm x + y 7→ inf{‖x1‖X + ‖y1‖Y ; x1 ∈ X, y1 ∈ Y,
x+ y = x1 + y1} are Banach spaces as well, see [4, Lemma 2.3.1]
Next we discuss the dual space of X + Y .
Remark 3.2. Let X, Y be Banach spaces, (X, Y ) compatible, and assume that X ∩ Y is
dense in both X and Y . Then (X + Y )′ = X ′ ∩ Y ′ by [4, Theorem 2.7.1].
Lemma 3.3. Let X, Y,W be Banach spaces, (X, Y ) compatible, and let T : X + Y →W be
linear. Then
T |X ∈ L(X,W ), T |Y ∈ L(Y,W )⇐⇒ T ∈ L(X + Y,W ).
Proof. Assume that T |X ∈ L(X,W ) and T |Y ∈ L(Y,W ). Given v = x + y ∈ X + Y , we
estimate
‖T (v)‖ = ‖T (x+ y)‖ 6 ‖T (x)‖+ ‖T (y)‖
6 ‖T‖L(X,W )‖x‖X + ‖T‖L(Y,W )‖y‖Y 6 max{‖T‖L(X,W ), ‖T‖L(Y,W )}
(
‖x‖X + ‖y‖Y
)
.
Taking the infimum over all x ∈ X , y ∈ Y such that v = x+ y we obtain T ∈ L(X + Y,W ).
Conversely, let T ∈ L(X+Y,W ). The canonical embedding j : X → X+Y , j(x) := x+0
is linear and continuous. Since T |X = T ◦ j we have T |X ∈ L(X,W ), and by symmetry,
T |Y ∈ L(Y,W ).
Remark 3.4. Let X, Y be Banach spaces, (X, Y ) compatible. Then by definition, the dual
pairings 〈· , ·〉X×X′ and 〈· , ·〉Y×Y ′ agree on (X ∩ Y )× (X + Y )
′. Indeed, for x ∈ X ∩ Y and
v′ ∈ (X + Y )′ we obtain
〈x, v′|X〉X×X′ = v
′|X(x) = v
′|Y (x) = 〈x, v
′|Y 〉Y×Y ′ .
With a slight abuse of notation, we shall write
〈x, v′〉X×X′ := 〈x, v
′|X〉X×X′ and 〈x, v
′〉Y×Y ′ := 〈x, v
′|Y 〉Y×Y ′
and obtain
〈x, v′〉X×X′ = 〈x, v
′〉Y×Y ′ .
Definition. LetX, Y be Banach spaces, (X, Y ) compatible, and let BX ∈ L(X), BY ∈ L(Y ).
Then BX and BY are consistent if BXu = BY u for all u ∈ X ∩ Y . Let TX and TY be
semigroups on X and Y , respectively. We say that TX and TY are consistent if TX(t) and
TY (t) are consistent for all t > 0.
Remark 3.5. (a) If TX and TY are consistent semigroups on X and Y , respectively, then
we will also consider the semigroup TX+Y on X +Y determined by TX+Y (t)|X = TX(t)
and TX+Y (t)|Y = TY (t) for all t > 0; cf. Lemma 3.3.
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(b) If X ∩ Y is not dense in X and Y , then TX does not need to determine the consistent
semigroup TY uniquely, and vice versa. In applications (see e.g. [9] or the next section,
where X = L2, Y = L∞ for a measure space for which L∞ * L2), X ∩ Y ‘often’ is
dense in X , but not in Y .
In view of Lemma 3.3 we use the following notation: given a subspace E ⊆ Y ′, we write
(X + Y )′ ∩ E for the set of all v′ ∈ (X + Y )′ satisfying v′|Y ∈ E.
Remark 3.6. Let X, Y be Banach spaces, (X, Y ) compatible, and let E ⊆ Y ′ be a closed
norming subspace for Y . Let S be a C0-semigroup on X with generator AS, and assume
that there exists a semigroup SY on Y consistent with S, 〈SY (·)y , e〉Y×E continuous for all
y ∈ Y , e ∈ E. Based on the operator RSY (λ) ∈ L(Y,E
′) discussed in Section 2, we define a
‘dual resolvent’ ′RSX+Y (λ) : (X + Y )
′ ∩E → (X + Y )′ as follows. Let v′ ∈ (X + Y )′ ∩E. We
want to define〈
′RSX+Y (λ)v
′ , x
〉
(X+Y )′×(X+Y )
:=
〈
(λ− AS)
−1x, v′|X
〉
X×X′
(x ∈ X),〈
′RSX+Y (λ)v
′ , y
〉
(X+Y )′×(X+Y )
:=
〈
RSY (λ)y , v
′|Y
〉
E′×E
(y ∈ Y ). (1)
For this we need that the two definitions to coincide on X ∩ Y . Indeed, for x ∈ X ∩ Y we
obtain with Remark 3.4
〈RSY (λ)x, v
′|Y 〉E′×E =
∫ ∞
0
e−λt 〈SY (t)x, v
′|Y 〉Y×E dt =
∫ ∞
0
e−λt 〈S(t)x, v′|X〉X×X′ dt
=
〈∫ ∞
0
e−λtS(t)x dt, v′|X
〉
X×X′
=
〈
(λ− AS)
−1x, v′|X
〉
X×X′
.
We note that ( ′RSX+Y (λ)v
′)|X =
(
(λ − AS)
−1
)
′(v′|X). Moreover, for v
′ ∈ (X + Y )′ ∩ E and
z ∈ (X + Y ) we have
〈
′RSX+Y (λ)v
′ , z
〉
(X+Y )′×(X+Y )
=
∫ ∞
0
e−λt 〈v′ , SX+Y (t)z〉(X+Y )′∩E×(X+Y ) dt.
We gather the set of assumptions needed in the our main result, Theorem 3.8 below:
Hypothesis 3.7. Let X, Y, Z be Banach spaces, V a Hausdorff topological vector space.
We assume that
(i) (X, Y ) and (X,Z) are V -compatible;
(ii) S is a C0-semigroup on X (with generator AS);
(iii) T is a C0-semigroup on X (with generator AT );
(iv) there exists a C0-semigroup TZ on Z consistent with T ;
(v) E ⊆ Y ′ is a closed, norming subspace;
(vi) there exists a semigroup SY on Y consistent with S such that 〈SY (·)y , e〉Y×E is con-
tinuous for all y ∈ Y , e ∈ E.
Then we can define the semigroup SX+Y and the ‘dual resolvent’
′RSX+Y as above.
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Theorem 3.8. Assume Hypothesis 3.7. Let L ⊆ (X + Y )′ ∩ E, L invariant under (SX+Y )
′
and under λ ′RSX+Y (λ), K ⊆ X ∩ Z, K invariant under T and under λ(λ − AT )
−1 for all
sufficiently large λ > 0. Let B ∈ L(Z, Y ). Then the following are equivalent:
(a) For all t > 0 and all x ∈ K, v′ ∈ L we have
〈T (t)x, v′〉X×X′ 6 〈S(t)x, v
′〉X×X′ +
∫ t
0
〈SY (t− s)BTZ(s)x, v
′〉Y×E ds.
(b) For all sufficiently large λ ∈ R and all x ∈ K, v′ ∈ L we have〈
(λ− AT )
−1x, v′
〉
X×X′
6
〈
(λ− AS)
−1x, v′
〉
X×X′
+
〈
RSY (λ)B(λ− ATZ)
−1x, v′
〉
E′×E
.
(c) For all u ∈ D(AT ) ∩K and all v
′ ∈ L ∩D(A′S) we have
〈ATu, v
′〉X×X′ 6 〈u, A
′
S(v
′|X)〉X×X′ + 〈Bu, v
′〉Y×E .
Proof. (a) ⇒ (b): Let λ ∈ R be sufficiently large, x ∈ K, v′ ∈ L. Then
〈
(λ− AT )
−1x− (λ−AS)
−1x, v′
〉
X×X′
=
∫ ∞
0
e−λt 〈(T (t)x− S(t)x, v′〉X×X′ dt
6
∫ ∞
0
e−λt
∫ t
0
〈SY (t− s)BTZ(s)x, v
′〉Y×E ds dt
=
∫ ∞
0
∫ ∞
s
e−λt 〈SY (t− s)BTZ(s)x, v
′〉Y×E dt ds
=
∫ ∞
0
e−λt
∫ ∞
0
e−λs 〈SY (t)BTZ(s)x, v
′〉Y×E ds dt
=
∫ ∞
0
e−λt
〈
SY (t)B
∫ ∞
0
e−λsTZ(s)x ds, v
′
〉
Y×E
dt
=
〈
RSY (λ)B(λ−ATZ )
−1x, v′
〉
E′×E
.
Note that in the second to last step we pulled the functional v′ ◦ SY (t)B ∈ Z
′ out of the
integral.
(b) ⇒ (c): Let u ∈ D(AT ) ∩K, v
′ ∈ L ∩ D(A′S). For sufficiently large λ > 0 we define
JS(λ) := λ(λ − AS)
−1 and JT (λ) := λ(λ − AT )
−1 and similarly for JTZ . Then ASJS(λ) =
λ
(
JS(λ)− I
)
, and similarly for JT (λ). Hence,
ATJT (λ)u− ASJS(λ)u = λ
(
JT (λ)u− JS(λ)u
)
.
Thus, by (b),
〈JT (λ)ATu, v
′〉X×X′ − 〈JS(λ)u, A
′
Sv
′〉X×X′ 6 〈λRSY (λ)BJTZ(λ)u, v
′〉E′×E , (2)
where we wrote A′Sv
′ = A′S(v
′|X) for short. Next, we let λ → ∞. Since JS(λ), JT (λ) → I
strongly in L(X), for the left-hand side we obtain
〈JT (λ)ATu, v
′〉X×X′ − 〈JS(λ)u, A
′
Sv
′〉X×X′ → 〈ATu, v
′〉X×X′ − 〈u, A
′
Sv
′〉X×X′ .
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By the strong convergence JTZ (λ) → I in L(Z) we have BJTZ (λ)u → Bu in Y . Moreover,
〈λRSY (λ)· , v
′〉E′×E → v
′ weak∗ in Y ′ by Lemma 2.3. Thus, for the right-hand side we obtain
〈λRSY (λ)BJTZ(λ)u, v
′〉E′×E → 〈Bu, v
′〉Y×E .
Thus, the limit λ→∞ in (2) yields (c).
(c) ⇒ (a): Without loss of generality let t > 0. Let u ∈ D(AT )∩K and v
′ ∈ L∩D(A′S).
Then T (s)u ∈ K ∩D(AT ) and SX+Y (t− s)
′v′ ∈ L ∩D(A′S) for all s ∈ [0, t] by invariance of
K and L, respectively; note that
(SX+Y (t− s)
′v′)|X = S(t− s)
′(v′|X) ∈ D(A
′
S).
Now we use that A′S is the weak
∗-generator of S ′ and apply (c) to obtain
d
ds
〈T (s)u, SX+Y (t− s)
′v′〉X×X′
=
〈
ATT (s)u, SX+Y (t− s)
′v′
〉
X×X′
−
〈
T (s)u, A′S(SX+Y (t− s)
′v′)|X
〉
X×X′
6 〈BT (s)u, SX+Y (t− s)
′v′〉Y×E
= 〈SY (t− s)BTZ(s)u, v
′〉Y×E .
Therefore,
〈T (t)u, v′〉X×X′ − 〈S(t)u, v
′〉X×X′ =
∫ t
0
d
ds
〈T (s)u, SX+Y (t− s)
′v′〉X×X′ ds
6
∫ t
0
〈SY (t− s)BTZ(s)u, v
′〉Y×E ds.
(3)
Let now x ∈K, y′ ∈ L, and for λ ∈ R sufficiently large let JS(λ) := λ(λ−AS)−1 as before,
and similarly for T . Then u := JT (λ)x ∈ K ∩D(AT ) and v
′ := λ ′RSX+Y (λ)y
′ ∈ L∩D(A′S) by
invariance of K and L, respectively; note that v′|X = JS(λ)
′(y′|X) ∈ D(A
′
S) by Remark 3.6.
Applying (3) and (1), we obtain〈
JS(λ)
(
T (t)− S(t)
)
JT (λ)x, y
′
〉
X×X′
6
∫ t
0
〈
SY (t− s)BTZ(s)JT (λ)x, λ
′RSX+Y (λ)y
′
〉
Y×E
ds
=
∫ t
0
〈
λRSY (λ)SY (t− s)BTZ(s)JTZ(λ)x, y
′
〉
E′×E
ds.
For λ → ∞ we obtain the assertion by Lemma 2.3, the strong convergence JTZ (λ) → I in
L(Z) and dominated convergence.
Although the sets K and L can be arbitrary in the above theorem, it turns out that it
is no loss of generality that they are closed convex cones. In fact, for applications (see the
concluding section), K and L should be thought of (positive) cones in some Banach lattice.
The positivity as well as the lattice structure, however, does not play the leading role here.
That is why we decided to suppress this in the abstract presentation of this work.
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Remark 3.9. (a) Without loss of generality we may assume that K ⊆ X ∩ Z and L ⊆
(X + Y )′ ∩ E are convex cones. Indeed, the invariance assumptions on the sets K
and L imply the invariances for the corresponding convex cones generated by K and
L, respectively, by linearity. Moreover, the statements (a) to (c) of Theorem 3.8 for
the sets K and L imply the corresponding statements for the generated convex cones,
again by (bi-)linearity.
(b) Without loss of generality we may assume that K ⊆ X ∩ Z is closed. Indeed, by
continuity the invariances of K imply the corresponding invariances of the closure of K
in X∩Z. Moreover, statement (b) of Theorem 3.8 implies the corresponding statement
for the closure of K, again by continuity. Thus, by the equivalence of statements (a)
to (c), each of the statements of Theorem 3.8 is valid if and only if it holds with K
replaced by its closure.
(c) Without loss of generality we may assume that L ⊆ (X +Y )′∩E is closed in (X +Y )′.
Indeed, by continuity the invariances of L imply the invariances of the closure of L in
(X+Y )′. Moreover, statement (b) of Theorem 3.8 implies the corresponding statement
for the closure of L, again by continuity and dominated convergence. Again, it follows
that each of the statements of Theorem 3.8 is valid if and only if it holds with L
replaced by its closure, by continuity and dominated convergence.
(d) Let E be invariant under S ′Y and under λRSY (λ)
′ for some λ > 0 (by means of em-
bedding E into E ′′ canonically first). Then (X + Y )′ ∩ E is invariant under (SX+Y )
′
and under λ ′RSX+Y (λ). In this case, without loss of generality we may assume that
L ⊆ (X + Y )′ ∩ E is closed in σ((X + Y )′ ∩ E,X + Y ). Indeed, let L be invariant
under (SX+Y )
′ and under λ ′RSX+Y (λ) for some λ > 0. By (a) we may assume that L is
a convex cone. Let
L∗ :=
{
z ∈ X + Y ; 〈e, z〉(X+Y )′∩E×(X+Y ) > 0 (e ∈ L)
}
be the dual cone of L. Let t > 0. If z ∈ L∗, then for all e ∈ L one has
〈e, SX+Y (t)z〉(X+Y )′∩E×(X+Y ) = 〈SX+Y (t)
′e, z〉(X+Y )′∩E×(X+Y ) > 0,
since SX+Y (t)
′e ∈ L, so it follows that SX+Y (t)x ∈ L
∗. Thus L∗ is invariant under
SX+Y (t), hence L
∗ is invariant under SX+Y . In the same way one shows that (L
∗)∗ ={
e ∈ (X + Y )′ ∩ E; 〈e, z〉(X+Y )′∩E×(X+Y ) > 0 (z ∈ L
∗)
}
is invariant under SX+Y (t)
′,
using invariance of E. Now by the bipolar theorem, (L∗)∗ equals the σ((X + Y )′ ∩
E,X + Y )-closure of L, thus this closure is invariant under (SX+Y )
′. Moreover, for all
e ∈ L and z ∈ L∗ we obtain
〈
λ ′RSX+Y (λ)e, z
〉
(X+Y )′∩E×(X+Y )
=
∫ ∞
0
λe−λt 〈SX+Y (t)
′e, z〉(X+Y )′∩E×(X+Y ) dt > 0
since (SX+Y )
′(t)e ∈ L = (L∗)∗. This shows that λ ′RSX+Y (λ)e ∈ (L
∗)∗ = L, i.e. L is
invariant under λ ′RSX+Y (λ).
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We now show that statement (c) of Theorem 3.8 implies the corresponding statement
for the σ((X + Y )′ ∩ E,X + Y )-closure of L. Let v′ ∈ L ∩D(A′S). Then there exists
(v′ι)ι in L such that limι v
′
ι = v in σ((X + Y )
′ ∩ E,X + Y ). For λ > 0 sufficiently
large, we observe that v′ι,λ := λR
′
SX+Y
(λ)v′ι ∈ L, by the invariance of L. Moreover, we
deduce vι,λ|X ∈ D(A
′
S). Thus, the inequality (c) in Theorem 3.8 holds for v
′ replaced
by v′ι,λ. By continuity, we can perform the limit in ι (for the second term note that
A′Sλ(λ−A
′
S)
−1 = (ASλ(λ− AS)
−1)
′
is σ(X ′, X)-σ(X ′, X)-continuous). Letting finally
λ → ∞, we deduce that (c) of Theorem 3.8 also holds for v′ (for the third term use
Lemma 2.3). Thus, w.l.o.g. we may assume that L is σ((X + Y )′ ∩ E,X + Y )-closed.
We point out that in the above theorem, for each of the sets K and L we assumed two
invariances. Here we explain the relation between these two invariances.
Remark 3.10. (a) Let K ⊆ X ∩Z be convex and closed. Then the invariance of K under
T is equivalent to the invariance of K under λ(λ−AT )
−1 for all sufficiently large λ > 0.
(b) Let SY be strongly continuous on Y . Then SX+Y is strongly continuous on X + Y . Let
AX+Y be the generator of SX+Y . Then
′RSX+Y (λ) =
(
(λ − AX+Y )
−1
)′
|(X+Y )′∩E. Let
L ⊆ (X + Y )′ ∩E be a convex cone and closed in (X + Y )′. Then L is invariant under
(SX+Y )
′ if and only if L is invariant under λ ′RSX+Y (λ) for all sufficiently large λ > 0.
To prove this we first claim that if B ∈ L(X + Y ) then L is invariant under B′
if and only if L∗ is invariant under B. Indeed, let L be invariant under B′. Let
L∗ :=
{
z ∈ (X + Y ); 〈e, z〉(X+Y )′×(X+Y ) > 0 (e ∈ L)
}
be the dual cone. Then for
z ∈ L∗, e ∈ L we obtain
〈e, Bz〉(X+Y )′×(X+Y ) = 〈B
′e, z〉(X+Y )′×(X+Y ) > 0
since B′e ∈ L. Hence, Bz ∈ L∗, i.e. L∗ is invariant under B. If L∗ is invariant under B,
then analogously (L∗)∗ =
{
e ∈ (X +Y )′; 〈e, z〉(X+Y )′×(X+Y ) > 0 (z ∈ L
∗)
}
is invariant
under B′. By the bipolar theorem, (L∗)∗ = L since L is a closed convex cone.
By the claim, we now observe that invariance of L under (SX+Y )
′ is equivalent to
invariance of L∗ under SX+Y . Since SX+Y is a C0-semigroup on X + Y , invariance of
L∗ under SX+Y is equivalent to invariance of L
∗ under λ(λ− AX+Y )
−1 for sufficiently
large λ > 0. Again by the claim, invariance of L∗ under λ(λ− AX+Y )
−1 is equivalent
to invariance of L under λ
(
(λ−AX+Y )
−1
)′
. Since L ⊆ (X + Y )′ ∩E, this is equivalent
to invariance of L under λ ′RSX+Y (λ).
(c) Let E be invariant under S ′Y and under λRSY (λ)
′ for all sufficiently large λ > 0 (by
means of embedding E into E ′′ canonically first), L ⊆ (X +Y )′∩E a convex cone and
closed in σ((X + Y )′ ∩ E,X + Y ) and invariant under (SX+Y )
′. Then L is invariant
under λ ′RSX+Y (λ) for all sufficiently large λ > 0. Indeed, let L be invariant under
(SX+Y )
′. Let L∗ be the dual cone. For e ∈ L and z ∈ L∗ we obtain
〈
λ ′RSX+Y (λ)e, z
〉
(X+Y )′∩E×(X+Y )
=
∫ ∞
0
λe−λt 〈SX+Y (t)
′e, z〉(X+Y )′∩E×(X+Y ) dt > 0
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since (SX+Y )
′(t)e ∈ L. Thus, λ ′RSX+Y (λ)e ∈ (L
∗)∗ = L by the bipolar theorem and the
fact that L is a closed convex cone.
In some applications one can estimate the integrand at the right-hand side of statement
(a) in Theorem 3.8. Under such an assumption the formulation of the theorem simplifies
and yields generalized versions of the perturbation result in [3, 11, 9].
Corollary 3.11. Assume Hypothesis 3.7. Let L ⊆ (X +Y )′∩E, L invariant under (SX+Y )
′
and under λ ′RSX+Y (λ), K ⊆ X ∩ Z, K invariant under T and under λ(λ − AT )
−1 for all
sufficiently large λ > 0. Let B ∈ L(Z, Y ). Furthermore, assume there exist M > 1, ω ∈ R
such that for all t > 0 and all x ∈ K, v′ ∈ L we have
〈SY (t− s)BTZ(s)x, v
′〉Y×E 6 Me
ωt 〈Bx, v′〉Y×E (0 6 s 6 t). (4)
Then the following are equivalent:
(a) There exists C1 > 0 such that for all t > 0 and all x ∈ K, v
′ ∈ L we have
〈T (t)x, v′〉X×X′ 6 〈S(t)x, v
′〉X×X′ + C1te
ωt 〈Bx, v′〉Y×E .
(b) There exists C2 > 0 such that for all sufficiently large λ > ω and all x ∈ K, v
′ ∈ L we
have
〈
(λ−AT )
−1x, v′
〉
X×X′
6
〈
(λ− AS)
−1x, v′
〉
X×X′
+
C2
(λ− ω)2
〈Bx, v′〉Y×E .
(c) There exists C3 > 0 such that for all u ∈ D(AT ) ∩K and all v
′ ∈ L ∩D(A′S) we have
〈ATu, v
′〉X×X′ 6 〈u, A
′
Sv
′〉X×X′ + C3 〈Bu, v
′〉Y×E .
Proof. The proof of “(a)⇒ (b)” and “(b)⇒ (c)” is analogous to (but easier than) the proof
of Theorem 3.8, so we only sketch the differences. For “(c) ⇒ (a)” we make use of the
corresponding implication in Theorem 3.8.
(a) ⇒ (b): Let λ > ω sufficiently large, x ∈ K, v′ ∈ L. Then
〈
(λ− AT )
−1x− (λ− AS)
−1x, v′
〉
X×X′
=
〈∫ ∞
0
e−λt
(
T (t)x− S(t)x
)
x dt, v′
〉
X×X′
=
∫ ∞
0
e−λt
〈(
T (t)x− S(t)x
)
x, v′
〉
X×X′
dt
6
∫ ∞
0
e−λtC1te
ωt 〈Bx, v′〉Y×E dt
= C1
∫ ∞
0
te−(λ−ω)t dt 〈Bx, v′〉Y×E .
Integrating by parts we obtain the assertion.
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(b) ⇒ (c): For sufficiently large λ > ω let again JS(λ) := λ(λ − AS)
−1 and JT (λ) :=
λ(λ− AT )
−1. Let u ∈ D(AT ) ∩K and v
′ ∈ L ∩D(A′S). As in the proof of Theorem 3.8 we
obtain
ATJT (λ)u− ASJS(λ)u = λ
(
JT (λ)u− JS(λ)u
)
,
which by (b) yields
〈ATJT (λ)u−ASJS(λ)u, v
′〉X×X′ =
〈
λ
(
JT (λ)u− JS(λ)u
)
, v′
〉
X×X′
6 C2
λ2
(λ− ω)2
〈Bu, v′〉Y×E ,
and therefore
〈JT (λ)ATu, v
′〉X×X′ 6 〈JS(λ)u, A
′
Sv
′〉X×X′ + C2
λ2
(λ− ω)2
〈Bu, v′〉Y×E .
Again, λ→∞ yields (c).
(c) ⇒ (a): By Theorem 3.8 “(c) ⇒ (a)” with B replaced by C3B, for all t > 0 and all
x ∈ K, v′ ∈ L we obtain
〈T (t)x, v′〉X×X′ 6 〈S(t)x, v
′〉X×X′ + C3
∫ t
0
〈S(t− s)BT (s)x, v′〉Y×E ds
Now, (4) yields
〈T (t)x, v′〉X×X′ 6 〈S(t)x, v
′〉X×X′ + C3
∫ t
0
Meωt 〈Bx, v′〉Y×E ds
= 〈S(t)x, v′〉X×X′ + C3Mte
ωt 〈Bx, v′〉Y×E .
Remark 3.12. In the context of Banach lattices and positive semigroups and positive B one
can ask whether the ‘tested’ inequalities in (a) and (b) of Theorem 3.8 and Corollary 3.11
can also be formulated in a ‘strong’ inequality. It turns out that this is indeed the case
provided L contains sufficiently many elements to detect positivity and, for Theorem 3.8(a),
the integral can be computed in Y .
4 Applications
Bi-continuous semigroups
Let Y be a Banach space and let T‖·‖ denote the norm-topology on Y . Let T ⊆ T‖·‖ be a
locally convex Hausdorff topology on Y , such that (Y, T )′ ⊆ (Y, T‖·‖)
′ is norming for Y and
(Y, T ) is sequentially complete on norm-bounded subsets of X .
Let S be a semigroup on Y . We say that S is locally bi-continuous if
(a) there exists M > 1, ω ∈ R such that ‖S(t)‖ 6 Meωt for all t > 0,
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(b) for all y ∈ Y we have T -limt→0 S(t)y = y,
(c) for all bounded sequences (yn) in Y and y ∈ Y such that T -limn→∞ yn = y we have
T -limn→∞ S(t)yn = S(t)y uniformly for t in compact subsets of [0,∞).
For further information on bi-continuous semigroups, see e.g. [6, 7].
Example 4.1. Let Y := Cb(Rd) and T be the compact-open topology on Y . Let k : (0,∞)×
Rd → R,
k(t, x) := kt(x) :=
1
(4πt)d/2
e−‖x‖
2/(4t) (t > 0, x ∈ Rd)
be the Gauß-Weierstraß kernel. Define SY : [0,∞)→ L(X) by
SY (t)f :=
{
f t = 0,
kt ∗ f t > 0.
Then SY is a locally bi-continuous semigroup on Y .
In our abstract setting, we would like to have SY to be locally bi-continuous and E :=
(Y, T )′. However, (Y, T )′ is in general not closed. We can nevertheless work with this space
since the closedness is only used in Lemma 2.1 to obtain an exponential bound for the
semigroup, and such a bound exists by definition. Note that in such a case the mapping
〈SY (·)y , e〉Y×E is continuous for all y ∈ Y and e ∈ (Y, T )
′ by property (b) and continuity
of e. Moreover, by [6, Section 1.2], there exists a unique operator ASY in Y (the generator
of the bi-continuous semigroup) such that RSY (λ) = κ(λ−ASY )
−1, where κ : Y → E ′ is the
embedding.
Hence, the following theorem is essentially a modification of Theorem 3.8 to this setting.
Theorem 4.2. Let X, Y, Z be Banach spaces, V a Hausdorff topological vector space, T a
locally convex Hausdorff topology on Y as above. Let:
(i) (X, Y ), (X,Z) be V -compatible;
(ii) S C0-semigroup on X (with generator AS);
(iii) T C0-semigroup on X (with generator AT );
(iv) there exists a C0-semigroup TZ on Z consistent with T ;
(v) E := (Y, T )′;
(vi) there exists a locally bi-continuous semigroup SY on Y consistent with S with generator
ASY .
Let L ⊆ (X + Y )′ ∩E be invariant under S ′, λ
(
(λ−AS)
−1
)′
and under λ
(
(λ−ASY )
−1
)′
for
all sufficiently large λ > 0, K ⊆ X ∩ Z invariant under T and under λ(λ − AT )
−1 for all
sufficiently large λ > 0. Let B ∈ L(Z, Y ). Then the following are equivalent:
(a) For all t > 0 and all x ∈ K, v′ ∈ L we have
〈T (t)x, v′〉X×X′ 6 〈S(t)x, v
′〉X×X′ +
∫ t
0
〈SY (t− s)BTZ(s)x, v
′〉Y×E ds.
(b) For all sufficiently large λ ∈ R and all x ∈ K, v′ ∈ L we have〈
(λ− AT )
−1x, v′
〉
X×X′
6
〈
(λ− AS)
−1x, v′
〉
X×X′
+
〈
(λ− ASY )
−1B(λ− ATZ )
−1x, v′
〉
Y×E
.
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(c) For all u ∈ D(AT ) ∩K and all v
′ ∈ L ∩D(A′S) we have
〈ATu, v
′〉X×X′ 6 〈u, A
′
Sv
′〉X×X′ + 〈Bu, v
′〉Y×E .
Example 4.3. As a concrete example let X := L2(Rd), Y := Cb(Rd), Z := C10(R
d). Let T
be the compact-open topology on Y . Let k : (0,∞)× Rd → R,
k(t, x) := kt(x) :=
1
(4πt)d/2
e−‖x‖
2/(4t) (t > 0, x ∈ Rd)
be the Gauß-Weierstraß kernel. Define S : [0,∞)→ L(X) by
S(t)f :=
{
f t = 0,
kt ∗ f t > 0.
Then S defines a positive C0-semigroup on X . Moreover, SY : [0,∞)→ L(Y ),
SY (t)f :=
{
f t = 0,
kt ∗ f t > 0,
is locally bi-continuous on Y and consistent with S. Let 0 6 b1, . . . , bd ∈ Cb(Rd), b :=
(b1, . . . , bd) and let T be the positive C0-semigroup on X generated by −∆+ b · grad. Note
that −∆ + b · grad also generates a C0-semigroup TZ on Z which is consistent with T . Let
B ∈ L(Z, Y ) be defined by Bu := bmax
∑d
j=1 ∂ju, where bmax := supx∈Rd maxj∈{1,...,d} bj(x).
Let K :=
{
u ∈ L2(Rd) ∩ C10 (R
d); u > 0
}
⊆ X ∩ Z. Then K is a closed convex cone and
invariant under T and therefore also invariant under λ(λ−AT )
−1 for sufficiently large λ > 0,
see Remark 3.10(a). Let L := {v′ ∈ (X+Y )′∩E; v′ > 0}. Then L is invariant under (SX+Y )
′,
λ
(
(λ− AS)
−1
)′
and under λ
(
(λ− ASY )
−1
)′
for sufficiently large λ > 0. For u ∈ D(AT ) ∩K
and v′ ∈ L ∩D(A′S) we obtain
〈ATu, v
′〉X×X′ = 〈−∆u+ b · grad u, v
′〉X×X′
6 〈u, −∆v′〉X×X′ + 〈bmax · gradu, v
′〉Y×E = 〈u, A
′
Sv
′〉X×X′ + 〈Bu, v
′〉Y×E .
Thus, for all t > 0, u ∈ K and v′ ∈ L we obtain
〈T (t)u, v′〉X×X′ 6 〈S(t)u, v
′〉X×X′ +
∫ t
0
〈SY (t− s)BTZ(s)u, v
′〉Y×E ds.
Perturbations of positive semigroups by L∞-functions
Let (Ω, µ) be a localizable measure space, X := L2(µ), Y := L∞(µ), Z := L1(µ), E := L1(µ)
the predual of Y . Let T, S be positive C0-semigroups on L2(µ) with generators AS, AT ,
respectively.
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Assume there exist M > 1, ω ∈ R such that
‖S(t)∗u‖1 6 Me
ωt‖u‖1 (u ∈ L2 ∩ L1(µ), t > 0),
‖T (t)u‖1 6 Me
ωt‖u‖1 (u ∈ L2 ∩ L1(µ), t > 0).
Then the adjoint semigroup S ′ of S extends to a consistent positive C0-semigroup S
∗
1 on
L1(µ) by [10, Theorem 7], so S∞(t) := S
∗
1(t)
′ (t > 0) defines a weak∗-continuous semigroup
on L∞(µ) such that S∞ is positive and consistent with S. Moreover, E is invariant under
(S∞)
′ and under λRS∞(λ)
′ for sufficiently large λ > 0. Also T |L2∩L1(µ) extends to a C0-
semigroup T1 on L1(µ) such that T1 is consistent with T , see [10, Theorem 7].
Let L := {f ∈ L2(µ)∩L1(µ); f > 0} ⊆ (X + Y )
′ ∩E and K := {f ∈ L2(µ)∩L1(µ); f >
0} ⊆X∩Z. Then L is invariant under (SX+Y )
′ and L is a σ((L2+L∞)
′∩L1, L2+L∞)-closed
convex cone. Hence, L is also invariant under λR′SL2+L∞
(λ) for sufficiently large λ > 0, see
Remark 3.10(c). Moreover, K is a closed convex cone and invariant under T and, hence,
also under λ(λ− AT )
−1 for all sufficiently large λ > 0.
Let B ∈ L(L1(µ), L∞(µ)) be defined by
Bu :=
∫
Ω
u dµ · 1Ω.
Then B is positive.
With this setup we can recover the result of [9, Theorem 2.1] by applying Corollary 3.11
and noting that testing against elements of L can detect positivity; cf. Remark 3.12.
Perturbations of positive semigroups by Lp-functions
Let (Ω, µ) be a localizable measure space, 1 6 p, q <∞, X := L2(µ), Y := Lp(µ), Z := Lq(µ),
E := Lp′(µ) with
1
p
+ 1
p′
= 1, i.e. E = Y ′. Note that X + Y is dense in X and in Y , hence
(X + Y )′ = X ′ ∩ Y ′.
Let T, S be positive C0-semigroups on L2(µ) with generators AS, AT , respectively.
Assume there exist M > 1, ω ∈ R such that
‖S(t)u‖p 6 Me
ωt‖u‖p (u ∈ L2 ∩ Lp(µ), t > 0),
‖T (t)u‖q 6 Me
ωt‖u‖q (u ∈ L2 ∩ Lq(µ), t > 0).
Then S|L2∩Lp(µ) extends to a C0-semigroup Sp on Lp(µ), and T |L2∩Lq(µ) extends to a C0-
semigroup Tq on Lq(µ), such that Sp is consistent with S and Tq is consistent with T (for
the L1-case see [10, Theorem 7]).
Let L := {f ∈ L2(µ)∩Lp′(µ); f > 0} ⊆ (X +Y )
′∩E and K := {f ∈ L2(µ)∩Lq(µ); f >
0} ⊆ X ∩Z. Since L is a closed convex cone and invariant under S ′, it is also invariant under
λR′SL2+Lp
(λ) for sufficiently large λ > 0, see Remark 3.10(b). Moreover, K is a closed convex
cone and invariant under T and hence also under λ(λ−AT )
−1 for all sufficiently large λ > 0,
see Remark 3.10(a).
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Let 0 6 f ∈ Lp(µ), 0 6 g
′ ∈ Lq′(µ), where
1
q
+ 1
q′
= 1, and define B ∈ L(Lq(µ), Lp(µ)) by
Bu :=
∫
Ω
ug′ dµ · f.
Then B is positive. With this setup we precisely recover the result of [8, Theorem 1].
Delay equations
We apply our result in the context of C0-semigroups for delay equations. For more informa-
tion concerning delay equations in the semigroup context, see [1, 2].
Let Xs be a real Banach lattice (the state space), 1 6 p <∞. Let Φp : W
1
p
(
(−1, 0);Xs
)
→
Xs be linear and bounded. Let A0 be the generator of a positive C0-semigroup on Xs. Let
AΦp,p in Xp := Xs × Lp
(
(−1, 0);Xs
)
be defined by
D(AΦp,p) :=
{(
x
f
)
∈ D(A0)×W
1
p
(
(−1, 0);Xs
)
; f(0) = x
}
,
AΦp,p =
(
A0 Φp
0 ∂
)
.
Now, let 1 6 q < ∞ and Ψq : W
1
q
(
(−1, 0);Xs
)
→ Xs be linear, bounded and positive,
such that Φpf 6 Ψqf for all 0 6 f ∈ W
1
p
(
(−1, 0);Xs
)
∩W 1q
(
(−1, 0);Xs
)
.
For a concrete example let η : [−1, 0] → L(Xs) be of bounded variation and Φpf :=∫ 0
−1
dηf . Furthermore, assume that dη is absolutely continuous with respect to Lebesgue
measure λ, dη
dλ
6 ρ ∈ Lq′
(
(−1, 0);L(Xs)
)
, where 1
q
+ 1
q′
= 1, and let Ψqf :=
∫ 0
−1
ρ(t)f(t) dt.
We now apply the abstract theory with X = Y := Xp, Z := Xq := Xs × Lq
(
(−1, 0);Xs
)
,
and E := Y ′. Let S be the positive C0-semigroup on Xp generated by A0,p =
(
A0 0
0 ∂
)
(with
domain D(A0) × W
1
p
(
(−1, 0);Xs
)
), and T be the positive C0-semigroup on Xp generated
by AΦp,p. Assume that T is exponentially bounded on Xq and can thus be extended to a
consistent C0-semigroup TZ on Xq.
Let B :=
(
0 Ψq
0 0
)
∈ L(Xq,Xp). Furthermore, let B˜ :=
(
0 Φp
0 0
)
. Then AΦp,p =A0,p+B˜,
and we have B˜u 6 Bu for all 0 6 u ∈ Xp ∩ Xq.
Let K := {u ∈ Xp ∩ Xq; u > 0} and L :=
{
v′ ∈ X ′p; v
′ > 0
}
. Then K is a closed convex
cone and invariant under T , hence also invariant under λ(λ−AΦp,p)
−1 for sufficiently large
λ ∈ R. Furthermore, L is a closed convex cone and invariant under S ′, hence also invariant
under λ(λ−A0,p)
−1 for sufficiently large λ ∈ R.
For u ∈ K ∩D(AΦp,p) and v
′ ∈ L ∩D(A′0,p) we obtain
〈
AΦp,pu, v
′
〉
Xp×X ′p
=
〈
(A0,p + B˜)u, v
′
〉
Xp×X ′p
6
〈
u, A′0,pv
′
〉
Xp×X ′p
+ 〈Bu, v′〉Xp×X ′p .
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By Theorem 3.8, for u ∈ K and v′ ∈ L and t > 0 we observe
〈T (t)u, v′〉Xp×X ′p 6 〈S(t)u, v
′〉Xp×X ′p +
∫ t
0
〈S(t− s)BTZ(s)u, v
′〉Xp×X ′p ds
=
〈
S(t)u+
∫ t
0
S(t− s)BTZ(s)u ds, v
′
〉
Xp×X ′p
.
Since testing against functionals in L detects positivity in Xp, we obtain
T (t)u 6 S(t)u+
∫ t
0
S(t− s)BTZ(s)u ds (5)
for all u ∈ K and t > 0.
Remark 4.4. Of course, the delay semigroup T is given by
T (t) = S(t) +
∫ t
0
S(t− s)B˜T (s) ds (t > 0). (6)
We stress that we work with different spaces Xp and Xq, and our framework deals exactly
with that case. In particular, for this reason (5) does not immediately follow from (6).
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